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Abstract

The project is about searching for new algorithms to show the satisfiability of Boolean
formulas. It is also about studying which proof systems are the most efficient to show
their unsatisfiability. Both directions have aplications in the fields of circuit verification,
program verification with model checking, automated deduction, and others.

The satisfiability problem is a particular case of the constraint satisfaction problem.
The decisional form of both problems is NP-Complete. Constraint satisfaction problems
appear in a large variety of practical situations, such as scheduling, temporal reasoning,
machine vision, etc., so their study is important. We will study this topic both from
the point of view of verifying satisfiability, and from the point of view of showing the
unsatisfiability of constraints via proof systems. For that we will need to define proof
systems that will work with domains more general than 0/1. This is a new and promising
approach, because it brings to the field of constraint satisfaction problems the techniques
from proof complexity and finite model theory that had not been used before in this
context.
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1 Project Objectives

Obj. 1 Proving Lower Bounds for Propositional Proof Systems.

Obj. 2 Automated Deduction. Analisys of the Theoretical Limitations

Obj. 3 Study and Comparison of Different Measures of Complexity for Propositional Proof
Systems

Obj. 4 Study of Structural Properties of SAT and CSP Instances

Task 4.1 Try to find structural properties of boolean formulas that allow us to detect
tractable cases of SAT.
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Task 4.2 We will study the topic of phase transition of random instances of SAT. The
point of phase transition is the ratio number of variables divided by number of
clauses that separates the satisfiable formulas from the unsatisfiable ones. We
want to study properties of this random formulas related to the point of phase
transition.

Task 4.3 We will work on the tractable cases of the problem of morphism. This is
part of the general objective of obtaining a complete characterization of the
tractable cases of the CSP problem.

Obj. 5 Definition of Proof Systems for CSPs and Study of the Connection with Finite Model
Theory

Task 5.1 Definition of Proof Systems for CSPs. This proof systems would allow to
refute the satisfiability of constraints. Our theoretical results would give insights
for future tools to refute CSPs.

Task 5.2 Study the relationship between Finite Model Theory and Constraint Satis-
faction Problems (CSPs).

Tar. Centro Investigadores 1o año 2o año 3o año

T 1.1 UPC Atserias, Bonet, Postdoc 1
T 1.2 UPC Esteban, Galesi
T 1.3 UPC Atserias, Esteban, Galesi

T 2.1 UPC, CSIC Bonet, Levy, Villaret
T 2.2 UPC, U. Toronto Bonet, Pitassi, Postdoc 1
T 2.3 UPC Atserias, Bonet
T 2.4 UPC, CSIC Bonet, Levy, Villaret

T 3.1 UPC Esteban, Galesi
T 3.2 UPC Atserias, Esteban, Bonet

T 4.1 UPC Lozano, Galesi
T 4.2 UPC, U. Toronto Atserias, Pitassi
T 4.3 UPF Dalmau, Postdoc 2

T 5.1 UPC, Rice U. Atserias, Dalmau, Vardi
T 5.2 UPC, UPF, Rice U. Dalmau, Postdoc 2, Vardi

2 Level of Success Attained

2.1 Results on Objetive 1

We obtained some results on the task 1.2 that appear in the publication [24]. In it the authors
prove lower bounds for the size and the space of refutations for the propositional proof system
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Res(k) tree-like. Res(k) is an extension of the Resolution proof system where we don’t only
work with clauses, but also we can use disjunctions of conjunctions of up to k literals. Also in
the article the authors show that the proof systems Res(k) for k ≥ 1 form a strict hierarchy.
This means that we can exponentially separate Res(k) from Res(k-1), and therefore the second
system has to refute some clases of formulas with exponentially more clauses than the first.

2.2 Results on Objetive 2

In the article number [5] we study different notions of automatizability for various propositional
proof systems. Also we determine which of these notions are equivalent and which aren’t.
Furthermore we see which properties should fulfill the system of Resolution to be weakly
automatizable.

2.3 Results on Objetive 3

Members of our group (among others) see [15] are writting a manuscript about a new measure
of formulas, called the Strahler number. One way of defining this measure for a formula is
the minimal complete binary tree that can be embeded into a refutation of the formula. This
measure also corresponds with the minimal tree-like space of writing a refutation of a formula.
We show how the Strahler number is a measure of how structured a formula is, and a small
Strahler means that the formula is easy to refute and viceversa. Small Strahler usually means
real life instance while high Strahler is related to random instances and hard combinatorial
principles (crafted instances). We have developed an algorithm to obtain refutations based on
our new measure that could be competitive for real life instances.

2.4 Results on Objetive 4

Paper [25] is about task T.4.1. In this work, the authors combine graph theory and linear
algebra to study SAT problems of low ”linear algebra complexity”, i.e. formulas with bounded
hermitian rank. They show polynomial time SAT algorithms for classes of formulas with
hermitian rank at most one. They do this by applying methods from hypergraph transversal
theory.

Task T.4.2 proposed the study of properties of random instances for distributions with
fase transition. The most important result that we obtained in this topic is the article [3].
In this publication the authors show that the standart distribution on 3-CNF formulas is
indistinguishable from the planted distribution respect to the properties expresable in first
order logic. To obtain this result, the authors needed a detailed study of the Shelah-Spencer
results. Adapting these results to the planted distribution is not at all trivial technically. On
the contrary, the results are highly difficult.

In task 4.3 great progress has been made. The articles [9, 13, 18, 17, 21, 16, 19, 20, 22, 23]
deal with posible tractable problems of constraint satisfaction (CSP). Some of these articles
study methods like gausian elimination that have helped to detect the class of paraprimal
algebras that has been shown tractable. Also, we have studied notions of consistency for
quantified CSPs and CSPs of bounded arity.
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2.5 Results on Objetive 5

In task T.5.1 we proposed to define proof systems for CSPs. Our proposal (article [7]) consists
in defining instances of the constraint satisfaction problem as a relational database, and as
a consequence to use the relational algebra operations or joint, projection and weakening to
derive new restrictions. In this article, the authors show that a CSP instance is unsatisfiable
if and only if one can derive the empty relation with the relational algebra operations. Next
the authors propose the concept of width of a CSP refutation and they characterize it using
Ehrenfeucht-Fraissé games. This article manages to connect the area of constraint satisfaction
problems with the area of finite model theory, as we also wished to do in this task.

Also in the same article the authors propose a new proof system where the lines of the proof
are OBDDs, and the rules are again join, projection and weakening. The articles contains
proofs of the fact that this system simulates Resolution and Cutting Planes with polynomial
coeficients, and also that the system admits monotone interpolation. It would be desirable
that this new proof system would have practical applications the same that Resolution has. In
fact in the conference SAT 2004 Pan and Vardi published an experimental study.

Recently, Jan Krajicek from the Academy of Sciences of the Czech Republic, communicated
us a solution to one of the open problems proposed in the article. Cavgnetto and himself have
proposed a method to build propositional unsatisfiable formulas for which, for every ordering
of the variables, the minimum OBDD refutation is exponential. The result is based on [7] using
an additional idea. The fact that such prestigious researcher as Krajicek has worked on open
problems that our group formulated is an indication of our success.

Under the task T.5.2 several papers have been written. The first is [4]. In this work
the authors work with Tseitin tautologies, well known in the area of proof complexity, to
show width lower bounds on Datalog programs to solve certain CSPs. This work presents a
simplification and improvement to a former result of Feder and Vardi.

The second paper we want to mention for this task is [2]. This article received the “Best
Newcomer Award” of the conference ICDT 2005. In this article the authors propose the adap-
tation of an algorithm of Beame and Pitassi to show how to authomatize tree-like resolution to
the context of CSPs. The adaptation is not as direct as it seems, and the article leaves some
open problems that we know some foreign researchers are working on.

Also for the task 5.2, other results have been obtained. In [10, 1] our group has defined
refutational systems (like Resolution) that our sound and complete for the optimization versions
of SAT and CSP, called Max-SAT and Weighted CSP. This problems can be defined as: given
a CNF formula or a constraint satisfaction problem, find an interpretation that satisfies the
maximum number of clauses or restrictions. These variants of SAT and CSP are very interesting
both from the point of view of theory as well as applications. There are many practical problems
that require optimization techniques. At present we are in the process of implementing software
based on our results. We are doing this in conjunction with the Lerida group, given that they
have a cluster and we have colaborated with them on the theoretical results.

3 Indicators of Success

First we want to mention that a Ph.D. thesis has been written during this period. This is the
one of Mateu Villaret, directed by Jordi Levy (both in the project). Their joint work has given
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rise to many publications as can be seen in the next section.

Our results have had a big impact in the community. In the prevous text we have already
given some indication of that, showing how our work opened new directions and how other
people have tried or answered questions that we proposed in our work. Also some articles of
us like [1], have been invited to be published as book chapters. So an extension of [1] will
be published in the book ”Current Trends in Constraint Programming”. Also, the paper [2]
obtained an award for the best paper written by somebody of outside the field of the conference.

But the main indication of the quality of our work are our publications. Most of them appear
in first rate conferences and journals. We have published in confernces like LICS, IJCAI, SAT,
CP, RTA, etc., and in journals like SIAM journal on Computing, Artificial Intelligence, Journal
of Computational Biology, Information and Computation, Journal of Combinatorics, etc.

Below, in the references section, we give the list of publications obtained by members of
our group in the last 2 years. We have kept in the document 4 papers that belong to the year
2004 because after writting the proposal of this project we started working on it right away.

Notice that we have obtained 31 publications for a project of 6 EDPs.

References
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